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A Mixed Problem for
Navier-Stokes System

N. ALIEV, SH. REZAPOUR, AND M. JAHANSHAHI

ABSTRACT. Mixed problems are changed to boundary value problems
by making used of Laplace transform. In classical boundary value prob-
lems, boundary conditions are local, but boundary conditions could be
global (]2, 3, 11]). Every boundary value problem depends on a potential
method in mathematical-physics theory. Of course, one couldn’t solve
some many problems by potential methods. We shall give a method
in which one could reduce every boundary value problem to the second
kind Fredholm integral equations and then solve it. In fact, we could
obtain solution of every local, non-local or global boundary value prob-
lem by this method. Finally, we shall give some sufficient conditions for
existence of solutions of the Fefferman’s problem A ([4]).

1. INTRODUCTION

There are usually mathematical models based on differential equations,
integral equations and integro-differential equations for physical and natural
events. These models are frequently based on Cauchy problem, boundary
value problem or mixed problem ([5-9, 18-20]). If there is the time variable
in these equations, for verification of their solutions we obtain a boundary
value problem which is depend on complex parameter by using the method
in [15] or Laplace transform (see [7, 18]).

The boundary value problem may be in a bounded or unbounded region.
We must provide boundary conditions in bounded regions, but solutions of
the problems and their derivatives are periodic or tend to zero at infinity in
unbounded regions.

The potential theory is useful in many boundary value problems, for
example Dirichlet and Neumann problems. But, potential theory is not
efficient in solving of many another problems (see [1-3, 10, 12-14, 17]). We
shall give a method that it will be efficient than the potential theory.

The Euler and Navier-Stokes equations describe the motion of a fluid in
R™ (n=2 or n=3). These equations are to be solved for an unknown velocity
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vector u(x,t) = (ui(x,t))1<i<n € R™ and pressure p(z,t) € R, defined for
position x € R™ and time ¢ > 0. We restrict attention here to incompressible
fluids ﬁlling all of R™. The Navier-Stokes equations are then given by

n

Ou; op n
(1) g Ujp— —VAui—a—xi—i—fi(x,t), (x e R",t>0)
(2) divu = E Oui = (x e R",t >0)
axz 7 ) —

with initial conditions
(3) u(z,0) = u’(z), (x € R™).

Here, u®(z) is a given C°° divergence-free vector field on R”, fi(x,t) are
the components of a given externally applied force (e.g. gravity), v is a

positive coefficient (the viscosity) and A = > % 9 is the Laplacian in the

=1 8
space variables. The Euler equations are equatlons (1), (2), (3) with v is
equal to zero.

Equation (1) is just Newton’s low f = ma for a fluid element subject
to the external force f = (fi(x,t))i1<i<n and to the forces arising from
pressure and friction. Equation (2) just says that fluid is incompressible.
For physically reasonable solutions, we want to make sure u(x,t) does now
grow large as |r| — oo. Hence, we will restrict to forces f and initial
conditions u" that satisfy

(4) 056’ ()] < Carc (14 [2])
on R”, for any « and K, and
(5) 090" f(2,1)] < Camr (1 + |z +1)

on R" x [0, 00), for any a, m, K.
We accept a solution of (1), (2) and (3) as physically reasonable only if
it satisfies

(6) p,u € CC(R" x [0,00))

and

(7) /n lu(x,t)|* de < C, forall t>0 (bounded energy).

A fundamental problem in analysis is to decide whether such smooth,
physically reasonable solutions exist for the Navier-Stokes equations. To
give reasonable leeway to solvers while retaining the heart of the problem,
Fefferman has provided four problems A, B, C and D. The authors have
verified the problems C and D in [4]. Here, we restate the problem A.

(A) Existence and Smoothness of Navier-Stokes Solutions on R3.
Take v > 0 and n = 3. Let u°(z) be any smooth, divergence-free vector field
satisfying (4). Take f(z,t) to be identically zero. Then there exist smooth
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functions p(x,t), u;(x,t) on R3 x [0, 00) that satisfy (1), (2), (3), (6) and (7).

Definition 1.1. A bounded function f : (a,b) — R is called regular if

f(z) = w for all x € (a,b). If I is a closed or half-open interval,
then a bounded function f : I — R is called regular whenever h : R — R

so is, where
1
h(z) = f(x), xe
0, elsewhere.

Let f : (a,b) — R be a bounded function and let the set £ = {x €
(a,b) : f is not defined at x or f is not continuous at z} be countable.
Then, there is an unique bounded regular function ¢ : (a,b) — R such
that gl = f

We call x = a, T-th repeated root of {/(xz —a)™ = 0 as we called = = a,
n-th repeated root of (z —a)™ = 0. In general, we call z = a, a-th repeated
root of (x —a)® = 0 for all real a > 0.

It is well known in references that, a is singularity of order —a for the
function f(z) = 2%, when a < 0 and

- 1, >0
/ 6(tydt=<1 2=0
> 0, =<0,

where ¢ is the Dirac’s function.

It be differentiated of the equation zd(x) = 0 in some mathematical works
(for example, [7] and [19]), but we do not accept it in this paper and we
agree it while there does not exist differentiation action. We have a similar
sight on the equation |z|> = 22 (x is real).

As we know in potential theory,

ot —7) 6745?512
(2ar/7t(t —T))"

is a fundamental solution of the operator % — a’A, respect to the time
variable, where 6 is the Heviside function, and
1
Ar|z — ¢

Ulx—-&t—1)=

Us(z —§) =

3 9
j=1 8:0?
direction of perpendicular vectors on the boundary. Now, we claim that

is a fundamental solution of the 3-dimensional Laplacian A, = in

Unle — &) = o-tny/(n — &7 & [z~ &P
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is fundamental solution of the 2-dimensional Laplace equation in direction
of xo. In fact,

OUs(z—&) 1 2|zs — Eole(zr — &)

0x9 o 27 (:Cl — 61)2 + ’xg — §2|2’
Os(x—§) 1 r1—§&
Ory 2w (z1— &)+ |22 — &2
PUp(x—¢) 1 |22 — &2
o3 o) (21— &1)2 + w2 — 22
1 1
Ton (z1—&)% + 22 — &2
1 |zo — &

T [(x1 — &) + |re — &[]

and
PUs(x—€) _ 1 —(m1 &)+ a2 -~ &I
Ox} 2 (21— )2 + o2 — &P

where e is the symmetric Heaviside function. Thus, AyUs(z —§&) = 6(x —&).
Also,

Uo(SE — 5) — 9('7;227:52)/0 e—ia1(m1—§1)—a1(x2—§2) day

_0(& — ) /Oo glon(@i—&) - (62-22)
2w 0 ’

is fundamental solution of the Cauchy-Riemann operator 8%2 —i—ia%l, where 0

is the Hevislide functio? and i> = —1 is the imaginary number, whereas some
one BV o xo — & +i(x — &)
Riemann equation ([18]). If zo # &2, then two above solutions are same.
But, the above solution Uy is a better solution when xo = &s.

Frequently, fractional differentiation of a function f be found by Fourier
transform ([16]), whereas this method is not true. We will use the Cauchy
formula for definition of fractional differentiation of a function, as did Liou-

ville.

as fundamental solution of the Cauchy-

2. ON THE PROBLEM A

By using Laplace transformation on (1) and (2), we have

o0 au (z,t) 8ui(3§ t)
= Iy, 0 E : Snlh it ed =
/0 dt / o Iz o

_ 9 [ _x
VA/ ) dt 3%‘/0 e p(x,t) dt,
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for all i = 1,2, 3 and also,

3.5
—At _
; 8@-/0 e Mui(z,t) dt =0,

where A is a complex parameter and ReA =c¢ > 0.
By using integration by part, we have

00 . o0
/ e—)\tw dt = *U?(.’E) + )\/ e_Atui(CL',t) dt.
0 0

ot

Now, we show Laplace transforms of the functions u; and p as following

(8) dz(xa A) - / e_Atui(x7t) dta
0
(9) pan) = [ e M) dt
0
Thus,
(10) Adui(z, N) — %di(:n,)\) = gi(z, \), (1=1,2,3; z € ]RS)
3 -
8U’j(x7 )‘) _ 3
7=1
where
1
(12) gi(,X) = —ud(w)+

1 o Ou;i(z,t) 10
+ Z/o e uj(x,t)iaxj dt+Va$ip(x,/\).

Left hand side of (10) is a Helmholts equation because left hand side
coefficients of (10) are not depend on i. Hence by [18], its fundamental

solution is
A
oV 2l

(13) U= =~
that is,
(14) AUz~ &) = S0 —€3) = b(z — €),

where, A\ € R, = {\: —m+0 < arg A < m—o} and we have fixed sufficiently
small o > 0.
Note that if A € R,, |A\] — oo and z # &, then U(z — £, ) — 0.
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Now, multiple (10) by U(z — &, \) and integrate the result on R3. Then,

At (x, U (x — &, N) dt—é iz, NU(x — &, N) da =
R3 vV JRr3

_/ iz, VU(z —€,7) dz,  (i=1,2,3)
R3

By using Gauss-Ostrogradskii for the first integral of left hand side, from
the last equation and by (7), we have

[, we AU -0 - S0 - €N d

:/ gi(x, U (x — &, N) dx
RB

Thus by (14),
(15) (6 N) = / gi(z, VU (z — &N dz, (i=1,2,3; £ €R®).
R3

By using the method in [1-3] and [10-13], we differentiate of the last equa-
tion. Then,

01; (€, \)
/33

§A)

(16) = /R3 gi(l“a)\)% dt, (i=1,2,3; £ eR%).

Now, by substituting (16) in (11), we obtain

2L 9 (E,\) W —&N) 4
0— 8@ /RSZgZ:U)\ f

= 1

Substitute (12) in recent equation. Then,

/ Zu 7§)\) dz+
R3 % &i

1 oU(x — &, ) v Ou;(x,t)
— ——"d i(x,t)—————= dt
v /]R3 ijz—l 0% 93/0 ¢ () Oz; i

op(x, \) OU (x — &, \) B
/RSZ 0z, 76, dz =0.
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By using (14), (7) and Gauss-Ostrogradskii formula ([7]) in the last expres-
sion of recent equation, we obtain

D SN
R3 i

1 8U(:‘U - &, )‘) /oo -\t 8UZ(ZL‘, t)
+ — —— >y e Mu;(x,t) ————= dit+
v /Rs i;l & 0 (1) Ox;

3 [ AN =€)+ 20 - € N)] da =0

14

Hence by property of Dirac’s function, we have

(1) peN =2 [ AU -6 da

/R3Z 76 a) dz—

’L

o) A > Ou;(z,
/ Z Ulw E ) /0 e)‘tuj(x,t)w dt.

1,7=1

Theorem 2.1. Let v > 0 and u® satisfies (4). Then, solution of the non-
linear second type Fredholm system of equations with weak singularity (15)
and (16), is a solution of (10).

Theorem 2.2. Let v > 0 and u° satisfies (4). Then, solution of the linear
second type Fredholm equation with weak singularity (17), is obtained from

(11).

Remark 2.3. Note that the above method able us instead solving of system
of equations (1), we first solve system of equations (15) and (16) and then
by replacement of solutions in (17), we obtain a separate equation for p. By
obtaining of p, one could obtain p. Also if A € R, and |A\| — oo, then
U(x —&,A) — 0. So the equation (17) could be solved easily.

Theorem 2.4. If A\ € R, and |\| is sufficiently large, then the equation
(17) has an unique smoothness solution and this solution could be obtained
by the successive approximation method.

If as remark 2.3, we have a separate equation for p from (17) and H (z,&, \)
is the resolvent kernel of the equation, then

0 k
(18) H(z,e0) =Y <‘VA) Uk (2. 6,2),

k=0
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where

(19) Ui(2,6,3) = Ule & ),

and

(20) Uesa(e,&0) = [ Ui NULGLEA) do

Note that, the series (18) is uniformly convergent whenever A\ € R,, || is
sufficiently large and = # £. Also, treatments of the functions H(z,&, \)
and H(x — &, \) are same ([15]). Thus,

(21) p(&A) =
oU (x f )\) o . Ou;(x,t)
/R3 Z /0 e “uj(z,t) oz, dt+

1,7=1

A > U (y —x, \)
+; RSH(SU7€’)\)d$/R3 Z_: Td’y

< 0u '77 / - &, )
At /4
e ug (7, dt+ E ud (z) ——— 22 da—
/0 q( ) (3’)/(1 R3 %

Z

oU(y — =z, \)
Oz,

_A H(a:,f,)\)dx/RSZug(fy)

vV JRr3

By using (18), (19) and (20), we have

OUL(z,6,))  dU(x—&N)  dU(@—&N)  OUi(,6,))
6:1:1 - 81’1 - 8{1 N 851 ’

and in general,

Uy (z,&,))  0lU(x —&N)
0x{10x52025° 0231 0x5%0xy>
_ (1) U@ =€) (1) U (2,6, )
01" 0652 0¢5° 08y 0652 065"

where, aq, a9, a3 are non-negative integers and |a| = a1 + a2 + a3. Also,
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Pe.62) D [ s €)=
O, O0x1 Jgs

B oU(x — 7, ) B B
- [ v e ay -

__ [ UE—N,
- [ G —en d

= Ulx—~y,\)—F————dvy=
| v N5 gy
_ 8U(7_£7)‘) _
- [ U0 T 4y -
0 6U2(x7£a>‘)
= —— Ulx =~ NU(y =&, A0) d —_——
Aol BCCEERVUCEIPY e
In general,
a‘a|U2(x)§7 )‘) _ (_ )|a| 8|a|U2(x g A)
0x{1 0252025 DETOES?0ES
01U (z,£,)) 1] DU (2, €, 2)
= (=1« >
(22) e ouory ~ V" omaggagg (21
and
la |al

ororgron ~ o agrog

Thus, we could rewrite two last expressions in right hand side of (21) as
follows

/R?)Zu 75)\)&"5—

l

~ 2 H(a, e\ dw/ W=z 4. _
1% R3 aiUp
3
duf (x)
—/Rg U 60) do
3
A Gu()
- — Hx,,)\da:/ U(y—z, ) dny.
s | H@EN RS;B% (v ) dy

Note that, these two last expressions are of class C'*° because one could
transmit to u(z) all partial differentiation of the functions U(x — &, \) and
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H(x,&, \), until singularity will not appear. By replacement of (21) in (12),
we find g;(x, \) and then by replacement of the result in (15), we obtain

(24) w(EN) = | Ulx—¢, )\)dx{ Vluo(:v)—i—

R3

3
1 o Ou;(x,t)
+ > 221/0 e “uj(x,t) oz, dt+

U (v ) > at Aup(y,1)
V&CZ { /RS Z 8% d’y/o e uq(%t)iavq dt+

A 8U
—1—; H(%:L‘ A) dy/ (Ca%% A d¢
* x Bupgt ,A)
/0 e Yug(C,t) ——— ac, dt+/R3Zu Td’y—
_é H'y,x/\ dfy/z Md(]}
= [ W@ U -6 dat
vV Jr3

1o o0 Oui(z,t)
—£0d My () Jf—
+V;/RSU3: &N :1:/0 e Muj(x,t) P,
1
v

A (y—=z,N)
/RS — &) dx/RgZ (%vl d

p,q=1
/ —aOug(y,t) Qup(v,t) dt—i—/Ua:—f)\
0 a’Yp 8'Yq
8H7,m)\
ey [ S U(C - de
R 7 RS p,g=1
3\ 0uqg(C, ) Qup(C, ) ,
A 2 dt, (i=1,2,3; £€R3).
e e ( SER)

Note that right hand side of expression of above equation is of class C'°.
Now for each n > 0, put

—1oo
MaM (g, A) dA

(25) u,(g)(f,t) = 277\1/_—1/_\/_71
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where, m =1,2,3, ¢ > 0, £ € R?, u,(g) =Y, (n) is only a symbol and

26) aEN = [ Ule =& Aa) dat

14
3

1 - oAty ) -
+Z/Z/RSU($ 5,)\)dx/ e Mu; (z,t) 7z dt

Jj=1 0

3
1 _
_/ U(x_g’)\)dx/ 3 W=z 4.
VvV Jr3 R3 Orm
p,g=1
/°° i 0ug V(. 0) 0wV (3,1)
0

dt+
0y 07q

OH (v, x,\)

d
R3 81.771 i

A
+ RgU(x—f,/\)dx

(n—1)

i o ou" Ve, N auY (¢ )
U(¢—7,A d e — 2 "~ d
/Rgp’qzz1 =y ac [ e s

where m=1,2,3, n>1, £ € R? and \ € R,,.

If ugg_l)(a:,t) satisfies (6) and (7), for all n > 1 and m = 1,2, 3, then
u,(ﬁ)(:v,t) so is for all n > 1, because A € R,. Also by (25), ugg)(f,t)
satisfies (6) and (7), for all n > 1 and m = 1,2, 3. Since, every &7(77) (&, ) is
of class C'™ respect to &, so is uS,’J) (&,t). On the other hand, every aﬁ,’{) (&, A)

is sufficiently small when A € R, and |A\| — o0, so u (&,t) is of class C*°
forallm >1and m=1,2,3.

Remark 2.5. For arbitrary d > 0, put

I'={c+it: —d<t<d} J{h+ide: do+d=1tgs(\ — )}
M +ide s Ao —d = —tgs(A — o)}

Then, by Cauchy Theorem ([15])

c+v/—1oo
/ MM (e, N) d = / MaM (g, N) d A
c—/—1oo T
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Since Re(\) — —oo in the right integral, the left integral exists. For
1 <m < 3, define

1) c++/—1oco 1 3
T (@™ A / - / Ux—& ) de
@A) = 3= R ALY
o] (n—1)
_at. (n—1) Oup ' (,1)
. t)—————= dt—
/0 ¢y ) Or;

1 U(y —z,A)
—V/Ua:—f)\ da:/RSZ o d~

0o n—1 n—1
/ o0 ) 0w V)
0

My g

R3 R3 8CL‘m

n—1)
/ Z (€=, A dC/ fAtauq (C A) Ou va(C 75)

pa=1 Op

Then, by (25)
(27) uG () = T (WD (EN) + hin (€, 1),

where,
(€, ) = Qﬂrfﬁrm [ v e daf

Finally, suppose that S is the set of all functions satisfy (6) and (7).

Theorem 2.6. The transformation T, : S — S is a contraction and
the sequence {u%)}nzl is convergent for all m = 1,2,3. If ugf) — U,
(m=1,2,3), then u = (u1,ug,us) is the unique solution of the problem A.
Now, if we put in (21) these uj, ug and us, we could find p(¢, A) and so
we could find
c—&-\/ioo

p(.%',t) (iU )\) dA.

27r\/7

Therefore, the problem A be solved completely.
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